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In recent years there has been large interest in non-Fermi-hquid properties of interacting 
electron systems in one dimension (ID). The goal is that the fermion properties in ID can be 
described precisely even in the presence of electron-electron interactions and one can 

think about possible generalizations of the Luttinger-liquid (LL) state to higher dimensions 
0. Also, recently it has become possible to fabricate really ID electron systems in GaAs 
inversion layers . The study of the low frequency x-ray response provids information both 
about the spectral density of the electron system near the Fermi surface and its reaction on 
time dependent external perturbation. 

The interaction between the electrons and a deep core level has strong influence on the 
photoemission and soft-x-ray absorption and emission spectra, I{uj), It was found that 

the threshold singularity has the form I{uj) ~ A{uj) cu", where A{uj) is the electron spectral 
density near the Fermi surface. The anomalous exponent, a = Uort + otex-, has two contribu- 
tions originating from the Fermi-liquid "orthogonality catastrophe" and emitted (absorbed) 
electron rescattering on a core (the so called orthogonality and excitonic correlations). In 
the case of a free electron gas both aort and depend on the strength of the core potential. 

In the recent papers [^|TU| the x-ray response of the LL was solved for the model forward- 
scattering potential. In the boson representation the Luttinger-liquid Hamiltonian, if^, 
and the forward-scattering interaction have the form {% = 1) 




where uUq ~ "^sIqI in the small momentum limit, V is the forward scattering potential, L ^ oo 
is the length of the ID chain, and J are integers describing the number of right- and left- 
moving electrons with respect to a ground state, A^ = J2pNp — Nq, J = J2pPNp ( right- 
and left-moving electrons are labeled hj p = ±1), and the velocities associated with the 
charge and current excitations depend on the sound velocity, vs, and the electron-electron 
interaction, vn = f^-e"^'^, vj = f^e^"^. The free electron gas corresponds to = 0. In 
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the case of repulsive interaction between the electrons the coupling parameter is negative, 
(p < 0. The electron creation operator can be expressed in the boson basis as 

{cosh(y9, pq > 
(4) 
sinhyj, pq < 

where Up is the unitary operator raising Np and Jp by one, A^^ is the normalization factor 
( or the large momentum cutoff). 

When excluded backscattering the authors of PJTO| thus omitted all possible renormal- 
izations of the scattering amplitude and obtained an exactly solvable model with the result 

«ort = aex = g ; (5) 

depending explicitely on the dimensionless potential strength, g = V/ttvs- However, it was 
shown in |]TT| that electrons with repulsive interactions in LL are completely reflected at zero 
temperature even by the weakest impurity potential if the backscattering term is included 
into consideration. Using the representation this can be shown by direct calculation of 
the average ( \E'tp^p ) which scales as L^^"^^^) at zero temperature. Below the characteristic 
energy scale, ub, estimated as {uB/epY^"''^^'^^ ~ Qb (where qb is the bare value of the 
2k F scattering amplitude) the system starts to be decoupled into two semi-infinite lines. 
Thus, in a real system the result @ is not valid in the low frequency limit where the 
renormalized backscattering from the core potential is dominating. Instead, in this region 
one can expect that the exponent a has some universal form and is defined by the Luttinger- 
liquid parameters alone. In this paper we calculate the power-law anomaly in the x-ray 
spectra in the region where the core potential results in a perfect reflection of excitations. It 
turns out that the universal answer exist only for the backscattering model. In the general 
case all scattering processes contribute to a, and the result can not be presented as a sum 
of forward and backward exponents. 
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Our approach is based on the use of canonical transformation relating eigenfunctions of 
the system with and without the external perturbation. Within the golden rule approach 
the cross section for the x-ray process with the energy uj as measured from the thershold is 
proportional to 

/oo 
c/te'"*( M+(t)M(0) ) , (6) 

where p^^ is the equilibrium density matrix of the LL, Ei and Ef are the energies of the 
initial and final states, and ( ■ ■ ■ ) stands for the average over the LL equilibrium. The 
electron transfer matrix element has the form 

M = ^+e^ . (7) 

The unitary transformation, e'^, relating the eigenstates of different Hamiltonians and 
Hl + Hint has the advantage of calculating all matrix elements in the same basis. 

When applyed to the forward scattering interaction, Eq.(^, the canonical transformation 
is simply the well known shift of the boson modes 



(8) 



Now the solution of the x-ray problem is a trivial one because \1'''" and e^^ commute and 
the exponents are linear functions of the boson operators. We simply sum the exponents of 
\E'+ and e'^^ thus absorbing the effect of the one-boson final-state interactions into the new 



definition of Cq 



^ge"^ + cosh ip, q > 



C, = {'^ " ^ (9) 

^ge'^ — sinh cp, q < 

Formally, we get the problem without the external potential and 

m ^ ( ) ^ ^ J..^;^; , (10) 

(3f = Cl, + Cl^, = cosh 2^ + l/2g'e'^ + g . (11) 
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Extracting from this expression the contribution due to singular spectral density in the LL, 
a = Pf — cosh2(y9, we obtain the result (|^). 

Suppose now that the core potential has only the backscattering term which at sufficiently 
low energies leads to the perfect reflection of excitations. In this energy range and T = we 
can try to replace the original potential by any perturbation which decouples the LL state 
into two semi-infinite chains. In the boson representation the perfect reflection of excitations 
at g ^ can be obtained by introducing a pinning potential at the origin, U oc 'U^(O), where 
m(0) is the displacement operator 

H^nt = ^ E BqBqibq + + 6+) , (12) 

qq' 

Here Bg = {2Lujqt)-^/^ , and t'^/^ oc Vs is an arbitrary parameter. 

Below we consider the zero temperature case which is sufficient for determining the criti- 
cal exponent of the Fermi-edge singularity. The ground state of the interacting Hamiltonian 
can be writtten in the form [|T^ 

= e'^^P ^ iexp \-^T.^^Kk]'^'c' , (13) 

^ [ qq' ^1 + ^9' J 

where R is the normalization factor. This expression is valid with macroscopic accuracy and 
describes the expansion of the interacting ground state in terms of the unperturbed wave 
functions. The coefficients A^qi jiuj^ + cjg/) are an exact amplitudes of finding the state with 
two bosons q and g' in '^g- Substituting Eg. ([131) into the Schrodinger equation defined by 
the sum of Hamiltonians (|l]) and ([T^ ) we find the following equation for Aqqi 

^ ^ Q Q V ^I^P^Pl' ^qp'Bp'Bqi ^ ^ AqptBptBpApqi 

The corresponding terms in Eq.(0) tell us that the state with two bosons can be obtained 
either by direct creation of one boson pair in or by rescattering of the existing pair, or 
by absorption of one pair in the two pair state. Obviously, the solution has a separable form 

B^v 

Aqq, = {BgUg){Bq>Ugf) ; Z/q = 1 - Z/g E 7^ • (15) 

p ^p + ^q 



We can transform this equation into the hnear one substituting Up in the r.h.s. by Eq.(|T5D 
itself and regrouping the terms. The result is 

".^i-^-^.E^^^ + E^. (16) 

p Up — UJg p UJp — UJq 

This equation is well known in the theory of singular integral equations. However, we can 
easily find the behavior of Vq at small q simply noting that the sum in Eq.(|15[) is divergent 
at small Up and z/g^o ^ 0. With this property of the solution we substitute the low-energy 
anzats Vq = {cuOqY^"^ into Eq.(]T5|) and find 

1 ^ 1 ^'^'^ 



Thus, in the low-frequency range the amplitudes acquire constant values Aqqt ^ vs- Then, 
we can write the canonical transformation in the form 



e 



S2 



The integrals determining the x-ray response are infrared divergent, that is why we can 
restrict ourselves by the low-frequency solution. 

To calculate the normalization factor from ( (e^^)~^e^^ ) = 1, we make use of the well 
known trick substituting 5*2 by XS2 and then differentiating the above formula over A 

\nR^ = - I" rfA^E i^'-y m )c • (19) 



Now we have to calculate only the sum of connected diagrams in Eq.(|IU|). The ra-th order 
diagram is generated by the ra-th term in the series expansion of e^^'^ with the result 

Infl^^ifiET ^ V, ^- (20) 

Extracting the logarithmic singularity we can present the result in the form 

87r2„tt n{2n-l)\ A_ g 8 V 27r 7 ^ ' 

The dynamic response core Green function, is defined by the 

same sum of diagrams as in Eq.(^) with additional factors, exp{— ^(ct;! + ■ ■ ■ + u!2n)t} — 1, 



which effectively cut off the low-energy divergency at 1/t. Thus, in the long-time asymptotics 
we have 

D{t) ~ r^/^ . (22) 

We find that the reaction of the ID boson chain on the local pinning potential with 
perfect reflection of low-energy excitations is infrared divergent. Note, that the same result 
comes if the interaction, Eq. ([l2D , is replaced by the perturbation induced by an infinite 
boson mass (M oo) at the origin 

- Im " m j = ' ^^^^ 

where -P(O) is the boson momentum operator. The canonical transformation in this case has 
exactly the same form, Eq.(0), in the g ^ limit. 

Compare now the result obtained with the well known expression for the normalization 
exponent in a free electron gas 

where / = 1,0 is the index of even and odd phase shifts. In the case of perfect reflection 
the constraint, 6o — 6i = 7t/2 + irn, is imposed on the phase shifts. Then, from Eq.(|2^) we 
conclude that backscattering is described by two nonzero values Sq = —6i = ±7r/4. Indeed, 
the backscattering potential when expressed in terms of even and odd parity combinations, 
V;=o,i = |(^(0)±V"(2A;i?)) = ±^V{2kp), generates two phase shifts 6q = —6i. This case must 
be contrasted to the electron scattering by strong 5-functional potential when 6q = ±vr/2, 
6i = 0. 

Calculate now the x-ray response, Eq.(^, with the transfer matrix given by Eqs.(|^) and 
(p!8|). We note that all connected diagrams involving one-boson processes from \1'"'" and \E' 
contain only two one-boson vertecies as the starting and ending lines. Thus, all possible 
connected diagrams are given by (compare with Eq.( 
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In I{t) = In D{t) + D,i{t) + Di{t) , (25) 

Deiit) = (Cl, + C|<o) / -(e-^-^* - 1) ~ - cosh 2^\nt, (26) 

J q 

Here in the last expression 0g = e"*"^'* — 1. As expected, the second term describes the 
single particle Green function for the conduction band and is an intrinsic property of LL. 
The only contribution in the sum (25) which is infrared divergent as t ^ oo is that for 
n = 2. Summing up all logarithmic contributions we find the universal exponent describing 
the x-ray singularity in the case of backscattering potential 

f^B = C^o + Cj<o + 1 + \{C,^, + C.^of ^ cosh2y, + 1 + . (28) 

In the general case both the forward and backscattering processes contribute to the x-ray 
response. Let the interaction Hamiltonian to be the sum of Eq.(0) and Eg. (p!2|) . The ground 
state of the system can be obtained by switching on adiabatically the two-boson scattering 
first, Eqs. ([l3|) and (|ll), and introducing the one-boson interaction afterwards. Due to the 
fact that the Hamiltonians (|12D and (^) are quadratic in the boson field, the one-boson 
transformation e'^^, Eq.(||), is not affected by the first unitary rotation of boson variables. 
Thus, 

g5 ^ g5i g52 _ (29) 

As before, the one-boson exponent can be combined with the operator (see Eq.(^)), and 
formally we get the same kind of problem as in the case of backscattering potential alone. 
The final result has the form 

13 = cosh 2^ + {g'e'^ + 2g) + (^ + ^e'^^) . (30) 

At first sight the expression is the sum of two independent contributions from the forward 
and backscattering processes. However, this is not the case. The forward scattering term in 
Eq.(PDD is twice the result (|^) obtained when neglecting the 2kF momentum transfer from 
the potential. 
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Up to this point we considered the spinless case. Due to the spin-charge separation in 
ID, we can include spin excitations into the consideration by introducing another boson 
field, dq. For the spin-independent scattering potential this additional boson field has no 
forward scattering from the core level. Thus the result ( pOD is modifyed to (3 = P spin + P charge 

_1 1 1 

Pspin ~2~'~ 8~'~4 
Pcharge = \ COsh 2^ + ((^'c^'^ + V2g) + + ^g-^'^) (31) 

{(3 = cosh^ + |(5'^e^'^ + \/2g) without backscattering |]10|)- In the framework of the LL 
model the forward scattering phase shift is proportional to the potential strength 6fs = ~'^g 
131 due to the infinite energy spectrum with the linear dispersion relation. Assuming that 



the LL model describes only the low-energy physics of the real electron system we have to 
consider the parameter ng as the phase shift rather than a bare potential. This is important 
in understanding that g in Eq.(|30|) can not be arbitrary large. 

We assumed in our calculation that the backscattering processes resulted in a perfect 
reflection of excitations from the potential in the low-energy region as confirmed by scaling 
arguments and the exact solution of the special case e''' = 1/2 This means that our 
results are valid only below the characteristic frequency ujb- It is not clear at the moment to 
what extent the model description of the perfect reflection at ^ by pinning potential (or 
by inflnite mass) at the origin is adequate to the problem. One can argue that the two-boson 
interaction is the simplest one of the kind, and the result obtained is independent of the 
strength of the potential. Two nonzero phase shifts equal to |vr/2| are in agreement with 
the result expected for the electron reflection in the absense of forward scattering. 

Obviously, these results can be applyed for studing the singular behavior of the one- 
dimensional boson systems. 
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